Abstract.
In a recent paper J. Kato and A. Strauss characterized the global existence of solutions of an ordinary differential equation in terms of Liapunov functions in which they assumed the right hand side of the differential equation is locally Lipschitz. In the present paper a characterization of global existence of an ordinary differential equation is found in which the right hand side is merely continuous. The construction of the Liapunov functions depend heavily upon the properties of solution funnels due to the nonuniqueness of solutions.
1. Introduction. In most of the theory dealing with the construction of Liapunov functions for the ordinary differential equation (E) x = f(t, x), one assumes that / is locally Lipschitz in order to obtain a locally Lipschitz Liapunov function. In this paper we consider (E) under the assumption that f:RXR"->R" is merely continuous and provide necessary and sufficient conditions for the global existence of solutions of (E) in terms of Liapunov functions which depend upon solution funnels. Kato and Strauss [l] have considered this problem assuming /is locally Lipschitz. Their results, as we shall show in an example, do not hold when/ is continuous even if we do not require the Liapunov function to be continuous. t>tQ and exists in the past if x(t, t0, xB) exists for all t<t0. A solution exists forever if it exists in the past and in the future.
For (to, x0)ERXRn define the positive and negative solution funnels as #h*» = {(*> *(0):< = ^, x(t0) = xo} E R"+1 and Fl.*o = {(<> <0)--l S to, x(to) = Xo} C Rn+1 respectively, where x(t) =f(t, x{)). Lemma 2 [2] . Consider the funnel of solutions of (E) through the point it0, Xo) =p. Suppose all solutions through p exist forever. Then the mapping Fp, where FPit) is the t-cross-section of the solution funnel through p, has the property that FP:R-^X is continuous in the Hausdorff metric topology. Since {/n}, {t"}, and {|y7i(r", tn, xn)\ } lie in compact sets, we can assume without loss of generality that tn -> t0, Tn -> to, and y"(r", <», xn) -> y0 as » -> =o .
We consider the solution funnel FTOil/0 and denote FTo,Vo by F. There exists 6>0 such that all solutions exist on [r0 -5, <»), and for large n we have /"2iT">To -S. By an application of Lemma 3 we have that for each e>0 there exists N(e) such that d(yn(s, Tn, y»(Tn, t", Xn)), F(j)) < € for sE [to -8, 2T] and «^iV(e). In particular if we set s = tn we have (3.1) <*(*,, FiQ) < e, » ^ 2V(<0-Using the properties of the Hausdorff metric we obtain (3.2) dixn, Fito)) g dix", FiQ) + piFiL), F(/0)).
Using Lemma 2, we have for n sufficiently large that p(F(£"), F(£0))<e. Then using (3.1) and (3.2) we obtain for n sufficiently large Proof. The sufficiency follows from a contradiction similar to that in Theorem 1.
For the necessity, we define V(t, x) = sun (| x{r, t,x)\) for all x{) E F~t,x, iit>0, = inf (| x(r, l,x)\) for all x{) E F^x, if t g 0.
Once again using techniques similar to those in Theorem 1 we can verify that V satisfies (a) and (b1)-
In view of Theorem 1 and Corollary 1, a reasonable conjecture concerning the global existence of solutions of (E) would be that all solutions of (E) exist forever if and only if there exists a function V satisfying (a) and in addition V is constant along all solutions. This conjecture is true when solutions are unique (Kato and Strauss [l] ). The following example, however, shows that this may not be true when solutions are not unique.
Consider the scalar equation
where n = 0, 1, ■ • • . All solutions of (S) exist forever. We shall suppose that there exists a function V which is constant along solutions and show that V cannot satisfy condition (a). Consider the point / = 0, x=l; we shall show F(0, 1) = F(0, n) for all n. Through the point (0, 1) there exists a solution x(-, 0, 1) and apointr(w) such that x(r(«), 0, 1) =n. Hence V(r(n), n) = V(0, 1). Since x = n is a solution we have F(0, n) = V(0, 1). Hence Fdoes not satisfy (a).
By imposing a growth condition on V along solutions we arrive at the following theorem concerning the global existence of solutions. where once again A = Fp(t)t By the definitions of rp(t) and V(t, x) we have that for any point p = (to,x0), V(t,x(t, to, xo)) ^rp(t) ior all tER and all x{)EFt0,Xo. We also notice that for t0^0, rp Hence rPit) is bounded on K and therefore we have that condition (c) is satisfied which completes the proof. Remark. We can in fact show that rPit) is continuous by applying Lemmas 2 and 3.
